Abstract Task design is increasingly recognised as crucial for enhancing student learning of mathematics. Even so, and despite the significance of mathematical activity related to proofs and counterexamples in school mathematics, the task design principles underpinning students' success in proof-related activity remains under-explored in mathematics education research. What is more, although the affordances of using dynamic geometry environments (DGEs) have been established in the literature, task design in DGEs remains somewhat under-studied. In this paper, we address both these issues by theoretically developing, and empirically testing, task design principles for supporting students' heuristic refutation (revising conjectures/proofs through addressing counterexamples) in DGEs. We use the existing literature to elaborate three design principles: using tasks whose conditions are purposefully implicit, providing tools that enhance the production of counterexamples, and increasing students' recognition of contradictions. To test these principles empirically, we analyse two sets of task-based interviews, one with a triad of secondary school students and the other with a pair of undergraduates, where tasks designed according to the principles were implemented. Our analysis shows that using the tasks enabled the students to engage successfully in heuristic refutation. The matter of examining mathematical definitions when handling counterexamples emerged as an issue for further research.
Introduction
Teachers and researchers in mathematics education have long worked on improving student learning of mathematics. One promising approach to enriching mathematical learning is to enhance task design, because, as ICMI Study 22 confirmed (Watson & Ohtani, 2015) , tasks are the bedrock of day-to-day mathematics lessons and thus have a significant effect on student experience of mathematics and their understanding of the nature of mathematical activity. In the words of Sierpinska (2004, p. 10) , Bthe design, analysis and empirical testing of mathematical tasks, whether for the purposes of research or teaching … [is] one of the most important responsibilities of mathematics education^. In relation to this, Kieran, Doorman and Ohtani (2015) provide a comprehensive review in which they classified task design principles in terms of the scope or level of detail (i.e. grain size); there being grand frames, intermediate-level frames and domain-specific frames. The design principles developed for this paper fall into the last category; the principles are domain-specific with a focus on designing tasks for supporting a particular aspect of student proof-related activity. Below, we describe two points addressed in this paper: heuristic refutation and related task design.
Heuristic Refutation
Our first focus relates to the mathematical process involving proofs and refutations described by Lakatos (1976) . Based on the research by de Villiers (2004 de Villiers ( , 2010 , we use the term heuristic refutation to refer to discovering counterexamples to conjectures/ proofs and revising the conjectures/proofs through addressing the counterexamples. de Villiers (2010) defines heuristic refutation as Breformulating, refining, or polishing a true statement by means of local-counterexamples^(p. 206). We extend this definition to include proofs as the object of revision. We also include counterexamples to conjectures in the means for this revision (with, as discussed later, 'local counterexamples' meaning 'counterexamples to proofs' in Lakatos's terminology). In fact, de Villiers touched on the revision of proofs, and counterexamples to conjectures, in places other than as he defined above.
In our research, the term refutation refers to doubting the truth of conjectures and the validity of proofs. A typical way of refutation is providing a counterexample showing that a conjecture is false but in Lakatos's scheme what is to be refuted includes not only conjectures but also proofs (see the section further below).
Heuristic refutation then means something more than mere refutation, involving not only the discovery of counterexamples but also the revision of conjectures and proofs by means of the counterexamples. Lakatos, in showing how Binformal, quasi-empirical, mathematics does not grow through a monotonous increase of the number of indubitably established theorems but through the incessant improvement of guesses by speculation and criticism, by the logic of proofs and refutations^ (Lakatos, 1976, p. 5) , argued that heuristic refutation plays a crucial role in the development of mathematics.
While, as Hanna (1995) argues, Lakatos's analysis does not capture all the processes that underlie the progress of mathematics, the importance of introducing this view of mathematics into school mathematics has been highlighted by several researchers in mathematics education. For example, Larsen and Zandieh (2008) , using Lakatos's ideas to analyse the mathematical activity of a group of undergraduate students, suggested that the processes described by Lakatos can be useful for the design of instruction that supports students' reinvention of mathematics. de Villiers (2010) , who proposed the notion of heuristic refutation, also concluded that incorporating experimentation and proof in mathematics education can provide students with a deeper, more holistic, insight into the nature of mathematics. In these ways, introducing heuristic refutation into school mathematics enables students to experience an aspect of mathematical practice by which mathematics grows through criticism and improvement.
Despite these important benefits of mathematical activity involving heuristic refutation, task design for facilitating the development of this kind of activity has rarely been explored. Although several studies have explicitly referred to Lakatos's research (e.g. Balacheff, 1991; Komatsu, 2016; Reid, 2002) , most of these have focused on how students respond to counterexamples, not on supporting students in generating and addressing counterexamples. A few studies have aimed towards intentionally achieving the mathematical process described by Lakatos during teaching (e.g. Lampert, 1990; Larsen & Zandieh, 2008) , but these studies do not deal with task design. Given the importance of task design, we have worked on this issue by addressing task design in the context of geometry education at the secondary school level (Komatsu, 2017; Komatsu, Jones, Ikeda & Narazaki, 2017; Komatsu, Tsujiyama, Sakamaki & Koike, 2014) . Our previous studies were conducted in paper-and-pencil environments, and we found that the developed tasks were generally helpful for students' work on heuristic refutation. Nevertheless, we found that some students still encountered difficulties producing diagrams that resulted in the clear refutations of statements or proofs.
Task Design with DGE
The second focus of this paper, then, is on resolving the above-mentioned student difficulties in producing diagrams by expanding our previous research with paper-andpencil tasks into the use of dynamic geometry environments (DGEs). Many studies have investigated the combination of DGEs and proof-related activity (for extensive review, see Hollebrands, Laborde & Sträßer, 2008; Sinclair et al., 2016; Sinclair & Robutti, 2013) , with some researchers showing, in particular, how using a DGE to 'drag' on-screen objects to produce a variety of diagrams can allow students to discover refutations of conjectures and proofs (Arzarello, Olivero, Paola & Robutti, 2002; Healy & Hoyles, 2001; Marradez & Gutiérrez, 2000) . Nevertheless, although the successful use of DGEs in previous research has been accompanied by carefully designed tasks (Hanna, 2000) , how the tasks were designed has often not been fully explained. More research on task design in DGEs is needed; as Sinclair et al. (2016) , who reviewed recent studies about DGEs, point out, B[w]hile DGEs have been available for over two decades now, several axes of research remain understudied, particular in terms of task design and teacher practice^(p. 712).
Of course, there have been studies addressing task design in DGEs (e.g. BaccagliniFrank, Antonini, Leung & Mariotti, 2017; Laborde, 1995; Leung & Bolite-Frant, 2015; Sinclair, 2003) . Indeed, a few researchers have explicated task design principles/models for particular aspects of proof-related activity (e.g. Fahlgren & Brunström, 2014; Leung, 2011) . For example, Prusak, Hershkowitz and Schwarz (2012) , in aiming at leading pre-service teachers to engage in productive peer argumentation, proposed three principles for task design: creating a situation of conflict, creating a collaborative situation, and providing tools for raising and checking hypotheses. By implementing and analysing a task-based interview, they showed that these principles triggered a shift from visual and intuitive reasoning to logical-deductive reasoning.
While the task design principles elaborated in each of these studies are helpful specifically for the mathematical activity targeted by the respective study, the proposed principles would not be directly applicable to another kind of mathematical process. Our research aims at the development of a process involving heuristic refutation. Given that counterexamples play a crucial role in eliciting this process, task design that allows the occurrence of counterexamples is necessary for our aim. This kind of task design principle, however, is not seen among the principles formulated in the existing studies. Hence, it is necessary to create a fresh set of task design principles specifically aimed at helping students to engage in heuristic refutation.
Research Question
Based on the above discussion, in this paper we address the following research question: What principles can underpin the design of DGE tasks that support student activity related to heuristic refutation? To explore this question, we theoretically develop task design principles based on the existing literature and then empirically test these principles by analysing task-based interviews with a triad of secondary school students and a pair of undergraduates. We begin by examining the meaning and nature of proofs and refutations, and how heuristic refutation, the focus of this paper, corresponds to refuting and the transition between conjecturing/proving and refuting.
The Meaning and Nature of Proofs and Refutations
The mathematical process that Lakatos described in his book Proofs and Refutations (Lakatos, 1976) can be depicted as in Fig. 1 . One makes conjectures (or is provided with statements) and then attempts to prove them. In doing so, one is confronted with refutations of the conjectures/statements and/or proofs, and the conjectures/statements and/or proofs are revised through addressing the refutations (Komatsu, 2016) . Heuristic refutation, which is the focus of this paper, corresponds to refuting and the transition between conjecturing/proving and refuting in Fig. 1 .
At this point, we clarify three points regarding Fig. 1 . First, as mentioned above, some activity begins with making conjectures, and other activity with considering Fig. 1 Mathematical activity involving proofs and refutations statements given by others. This is the case in Lakatos's book Proofs and Refutations where he started his account by introducing the Descartes-Euler conjecture on polyhedra as a given statement. Polya (1954) had already elaborated how this conjecture could be produced, and Lakatos mentioned that his own story was a sequel to Polya's description.
Second, each of the three elements in Fig. 1 includes not only final products (e.g. proofs) but also processes where one attempts to create the products (e.g. planning proofs). Here, we interpret the term proof in a broad sense, such that we include informal forms of proofs such as generic proofs; that is, proofs carried out on generic examples (e.g. Leron & Zaslavsky, 2013) . We also include deductive proofs that are valid only for subsets of all cases considered in conjectures and statements. One possibility is that students intentionally select a subset of the whole family in order to get an idea of how to start proof construction. Another possibility is that students intend to produce a general proof but inadvertently use some property specific to a subset, and thus, their proof is only partially general (this occurred in our empirical study that we present later in this paper). These two possibilities are likely to happen as interim stages in the process of proof construction. Our broader conception of proof is epistemologically consistent with Lakatos's (1976 Lakatos's ( , 1978 view of proof because he dealt with informal proofs (e.g. Cauchy's proof for the Descartes-Euler conjecture, where a polyhedron is imagined to be made of thin rubber, one of the faces of the polyhedron is cut out, and so on), and with proofs that were deductive but only partially general (e.g. Gergonne's proof and Legendre's proof, both of which are not as general as Cauchy's proof).
Third, although the word refutation is sometimes used only in relation to conjectures and statements, not for proofs, this study utilises it for both conjectures/statements and for proofs. This is also consistent with Lakatos's conception because he considered that proof was inextricably linked to refutations (Balacheff, 1991; Reid, Knipping & Crosby, 2008) . In particular, he coined the term local counterexample to refer to a case that rejects a step in a proof (and global counterexamples for the refutations of conjectures).
Towards a Set of Task Design Principles
As noted above, some studies have worked on task design and classroom intervention relevant to conjecturing, the transition from conjecturing to proving, and proving, as depicted in Fig. 1 (e.g. the special issue of Educational Studies in Mathematics published as vol. 96, issue 2). An example is Lin, Yang, Lee, Tabach and Stylianides (2012) who elaborated a set of task design principles for engaging students in activities related to conjecturing and proving. In contrast, our study focuses on refuting and the transition between conjecturing/proving and refuting, as in Fig. 1 . This focus means that the task design principles developed in this paper are for students who are capable of proof construction, rather than for all students.
Despite this restriction on the scope of the target students, we contend that our principles are valuable because even high-attaining students might not possess a welldeveloped view on proving. For example, Healy and Hoyles (2000) , in a survey involving high-attaining students (aged 14-15) in England and Wales, found that many students, when asked to choose arguments they would adopt for themselves and those that they considered would receive the best mark from their teachers, selected different arguments. In particular, the students thought that their teachers would most highly value an argument that was seemingly deductive but, in fact, consisted of meaningless algebraic expressions. This result shows that even high-attaining students regard proving activities as mere rituals in schools, rather than as essential activities for deepening their mathematical understanding and enriching their mathematical practice.
Our task design principles would be helpful for addressing such students' formulaic views of mathematics, because the principles aim to engage students in heuristic refutation through which they could experience a dynamic process of mathematics where conjectures and proofs progress through forms of criticism and improvement. As de Villiers (2010) pointed out, this kind of experience could form a foundation for students to gain authentic insight into the nature of mathematics (as we set out in the 'Introduction').
We undertook a thorough review of existing literature and, based on this, identified three promising avenues towards our task design principles to support student activity in heuristic refutation. First, as Hanna (1995) noted, Lakatos's case for heuristic proof analysis as a general method rests on Bits successful use in the study of polyhedra, an area in which it is relatively easy to suggest the counterexamples which this method requires^(p. 45). In other words, it is necessary to create tasks intentionally where specific proofs can be constructed and counterexamples can be produced. In Lakatos's story, it was the ambiguous meaning of 'polyhedra' that played a role in triggering the production of such proofs and counterexamples; the (imaginary) teacher and students shared a specific proof based on a single case (cube) as a generic example, and then considered various objects, such as a pair of polyhedra with an edge in common, or polyhedra with holes (i.e. the picture-frame type). The students regarded these objects as polyhedra and proposed them as counterexamples. Hence, in the same way as in Lakatos's research, it is important to develop tasks whose conditions are purposefully implicit so that students can avail themselves of, and consider, particular proofs and counterexamples. This is supported by our previous studies demonstrating that specific tasks, in the form of proof problems with diagrams that include hidden conditions, are helpful for students to explore proofs and counterexamples in secondary school geometry (Komatsu, 2017; Komatsu et al., 2017) .
Second, a number of studies have reported that students encounter difficulties in producing appropriate counterexamples, irrespective of whether the abovementioned implicitness of task conditions is involved (e.g. Hoyles & Küchemann, 2002; Ko & Knuth, 2013; Komatsu et al., 2017) . Thus, it is important to prepare tools that help students produce counterexamples. DGEs have the potential to play such a role in geometry education because each type of DGE has the facility of making it straightforward to transform diagrams by dragging points or lines-thereby giving students easy access to a variety of diagrams (Arzarello et al., 2002; Baccaglini-Frank & Mariotti, 2010; Marradez & Gutiérrez, 2000) . This argument is supported by Healy and Hoyles (2001) and Marradez and Gutiérrez (2000) who reported examples of students using DGEs to produce counterexamples.
Researchers have classified dragging modalities as well as measuring modalities in DGEs, including wandering dragging, dummy locus dragging, wandering measuring, guided measuring, and so on (e.g. Arzarello et al., 2002; Olivero & Robutti, 2007) . On the one hand, these classifications show the power of DGEs to enhance the production of counterexamples because some of the modalities are particularly relevant to the refutations of conjectures and proofs: viz. dragging test, validation measuring and proof measuring. On the other hand, different dragging modalities may lead to different results in generating diagrams, and certain dragging modalities (e.g. wandering dragging, which is performed casually, without any goal) may not be helpful for finding refutations. Hence, task design needs to include the purpose of the use of the DGE in tasks. An example would be a sentence in a task stating 'use a DGE to investigate whether there are counterexamples' rather than simply 'use a DGE'.
Third, research indicates that when students encounter counterexamples, some may merely reject the counterexamples and not attempt to revise their conjectures (Balacheff, 1991; Zazkis & Chernoff, 2008) . To address this issue, we focus on the potential of the 'confusion' generated by contradictions; confusion that can be beneficial for learning when appropriately induced (D'Mello, Lehman, Pekrun & Graesser, 2014) . Mathematics education researchers have reported that proof-related activity can be purposefully stimulated in students when the students face contradictions between their expectations and the results they obtain (Prusak et al., 2012; Zaslavsky 2005) . To evoke such contradictions, an approach likely to be helpful is to sequence multiple tasks intentionally (rather than use a single task) so that contradictions can arise among the tasks (Hadas, Hershkowitz & Schwarz, 2000) . For instance, Prusak et al. (2012) conducted a task-based interview with a pair of pre-service teachers where they used a set of three tasks wherein the first two were designed to elicit intuitive thinking, an approach that was not applicable to the third task. They reported that the pre-service teachers experienced a contradiction between their convictions based on intuitive thinking after the first two tasks and the failure of this approach in the third task, and that this experience helped them solve the third task through logical-geometrical reasoning.
In summary, we propose the formulation of three task-design principles for supporting student activity related to heuristic refutation, as seen in Table 1 . Roughly speaking, Principles 1, 2, and 3 correspond respectively to the transition from conjecturing/proving to refuting, refuting, and the transition from refuting to conjecturing/proving in Fig. 1 .
Within these design principles, the meaning of counterexample needs clarification: we use this term in a subjective way, where we regard a case as a counterexample if students consider that the conjecture/statement or proof is refuted by the case, regardless of whether it fully constitutes a counterexample in a mathematical sense. In particular, if task conditions are not clear, it can be a subtle matter to discern whether a case is a counterexample or a non-example (see Table 2 for an example of the distinction between counter-example and non-example). Thus, in this study, we interpret the meaning of 'counterexample' from a subjective, student standpoint, not from a fully mathematical standpoint. Description of the principle Principle 1 Using tasks whose conditions are purposefully implicit and thus allow the production of particular proofs and the occurrence of counterexamples.
Principle 2 Providing tools that enhance the production of counterexamples, while making explicit the purpose of the tools' use (i.e. investigating the existence of counterexamples).
Principle 3 Increasing students' recognition of contradictions that can help them revise conjectures/statements and/or proofs.
Task Design Principles for Heuristic Refutation in Dynamic Geometry...
Methods Tasks
To address the research question adopted by our study, the principles summarised in Table 1 were used to design three sets of tasks for participants, two of which (see Fig. 2 ) were implemented through task-based interviews. Table 2 explains the relationship between the task design principles and the designed tasks. In the descriptions of the second and third principles in the table, we focus on Task 2 (and say similarly for Task 1) because the ways in which our task design is based on these principles are almost identical between the two tasks.
1
There is more we need to say about the designed tasks in terms of counterexamples. We take Task 1 as an example. Although Task 1-1 includes one diagram where points A-D are located in certain places on the circle, the problem sentences per se make no reference to the specificity of the locations of these four points. Thus, this task, on the one hand, requires making and proving a conjecture while taking into account not only 1 When we mention 'Task 2', we include both Tasks 2-1 and 2-2; 'Task 1' has corresponding coverage. Principle 2 -Task 2-2 (similarly for Task 1-2). Students are asked to use a DGE to construct the diagram given in Task 2-1 (similarly for Task 1-1), to transform it as required by dragging, and to investigate the truth of the statement (or the truth of students' conjecture and the validity of their proof in Task 1-2).
Principle 3 -The sequence of Tasks 2-1 and 2-2 (similarly for Tasks 1-1 and 1-2). It is entirely possible for students to be invited to begin producing various diagrams with a DGE prior to proof construction; however, without proving the statement, students may not be convinced of its truth and, consequently, may not feel a contradiction when facing the refutation of the statement. To avoid this, we sequenced Tasks 2-1 and 2-2 (similarly for Tasks 1-1 and 1-2) such that students are asked to construct a proof and then transform the diagram with the DGE. The expectation is that proof construction in Task 2-1 (similarly for Task 1-1) could increase students' conviction of the truth of the statement, and that thereby, a contradiction could likely be evoked more sharply between the students' conviction and its subsequent refutation in Task 2-2 (similarly for Task 1-2).
a The statement in Task 2-1 assumes (implicitly) that it is possible to construct quadrilateral AECF, and under this assumption, infers that the quadrilateral AECF is a parallelogram. Because the case mentioned here does not satisfy this assumption, it is, mathematically, a non-example rather than a counterexample a particular case represented by the given diagram, but also a general domain where points A-D are located in various orders and places on the circle. On the other hand, one diagram inevitably has to be one particular case, and it is likely that a conjecture/proof based on the diagram is true/valid only for a subset of the whole family. For example, in Task 1-1, suppose that students conjecture that ΔPABΔ PDC, and they prove it by showing that ∠APB = ∠DPC (using the equality of vertical angles) and ∠PAB = ∠PDC (using the inscribed angle theorem). This proof, however, becomes invalid in other subsets of the general domain: the inscribed angle theorem cannot be used for showing ∠PAB = ∠PDC in Fig. 3e shown later. This case is a local counterexample to the proof in Lakatos's (1976) terminology. It is thus necessary to revise the proof by using a different theorem. The conjecture (ΔPABΔ PDC) also cannot be considered for some cases of the general domain (e.g. Fig. 3a ). To actualise the first design principle (Table 1) , we capitalise on this type of task where the task conditions are implicit due to the particularity of diagrams; thus, particular proofs and counterexamples can occur.
Tasks 1 and 2 were designed to have two salient differences between them. The first difference corresponds to conjecturing (or working on given statements) in the framework shown in Fig. 1 : in Task 1-1, students are invited to make a conjecture, and, in Task 2-1, are given a statement. The second difference relates to the activity subsequent to refuting in Fig. 1 , specifically to what students are expected to revise in their responses to Tasks 1-2 and 2-2. In Task 2, there is a case where quadrilateral AECF, mentioned in the conclusion in Task 2-1, cannot be constructed. To include this case, it is, on the one hand, necessary to revise the statement in Task 2-1. On the other hand, when the positions of points A-D are changed in Task 1-2, the triangles mentioned in Task 1-1 can still be constructed (except in a few special cases; see Fig. 3 ). However, as mentioned above, it is still necessary to revise the proof constructed in Task 1-1.
For each task-based interview, we prepared two worksheets, one of which included only Task 1-1 (or Task 2-1) and another one of which included Task 1-2 (or Task 2-2). Our research design entailed beginning by giving out the first worksheet, and then to provide the second worksheet after the participants had solved the task in the first worksheet. 
Participants
We conducted three task-based interviews (in each of which students attempted one of the tasks described above) in order to investigate how the tasks facilitated students' process of conducting heuristic refutation. The first author of this paper carried out all of the task-based interviews during which the DGE GeoGebra (in Japanese) was used.
Task 1 was implemented with a triad of students in an upper secondary school affiliated with a Japanese national university. We recruited participants from among 11th graders (16-17 years old) in the school who were taking a mathematics subject; the three participants voluntarily took part in the task-based interview. Their teacher judged that their mathematical capabilities were above average. The students were familiar with constructing geometric proofs using the conditions for congruent triangles and those for similar triangles. They were also familiar with the theorems relevant to Task 1, namely the inscribed angle theorem, the inscribed quadrilateral theorem, and the alternate segment theorem.
Given that the students had never experienced a DGE, we devoted 4 h before the task-based interview to introducing DGE for basic plane geometry. For example, after teaching basic constructions (e.g. the perpendicular bisector of a segment), dragging, and measuring, we asked the students to construct rectangles that could be preserved when points or lines were dragged. We did this in order to provide the students with an opportunity to experience what is commonly called the 'dragging test' (Arzarello et al., 2002) . We also gave a problem where the students were invited to make and prove a conjecture.
Task 2 was implemented separately with two pairs of undergraduate students (four students) enrolled in the mathematics education course in the Faculty of Education of a Japanese national university. Each of the students was a prospective teacher at either the primary school level or the secondary school level. We chose undergraduates as participants because proof construction in Task 2-1 might be challenging for secondary school students. The undergraduates were personally invited to take part in the task-based interviews and were selected on the basis of our inkling that they would likely provide expansive verbal discussion useful for data analysis. Because the undergraduates already had considerable experience in using (such as GeoGebra, Cabri and Cabri 3D), we did not allocate specific time for them to introduce the DGE before the task-based interviews.
Data Collection and Analysis
In each of the task-based interviews, the students were asked to solve the tasks collaboratively with a pen and a computer. Each task-based interview lasted for approximately 35 min. The task-based interviews were video-recorded and audiotranscribed; in each, two cameras were used for recording, one placed to film the students and the other to record the computer screen. The worksheets the students completed, and the DGE files they made, were collected.
These data were analysed in three phases. In phase 1, the whole process of each task-based interview was divided into segments on the basis of the three elements in the theoretical framework shown in Fig. 1 (i. e. conjecturing, proving and refuting). In phase 2, we focused on the refuting element of the framework and classified the diagrams the students produced when they tackled Tasks 1-2 and 2-2. In phase 3, we analysed how the students dealt with the diagrams they produced; for example, whether the students accepted the diagrams as showing counterexamples and whether and how they revised their conjecture, the given statement, and/or their proofs.
In the next two sections, we present the results of our analysis in the form of two cases. First, we present an account of the task-based interview with the triad of secondary school students (Kakeru, Sakura, and Yuka; pseudonyms) who tackled Task 1. Then, for Task 2, because the two pairs of undergraduate students followed almost identical paths, this paper focuses on only one pair (Kenta and Tsubasa; pseudonyms) to avoid repetition. For readability, we present our analysis of the effects of the implemented tasks in the last subsection for each case (rather than in the general 'Discussion' section), as this allows us to reduce the distance in the text between the results of each task-based interview and the analysis of the effects of using the tasks. English translations of the students' and interviewers' utterances, and of the students' proofs, are given from the original Japanese. From (1) and (2), since two pairs of angles are equal, ΔPAB~ΔPDC.
Afterwards, the students tackled Task 1-2 with the DGE. As they dragged points A-D, they produced the six types of diagrams shown in Fig. 3 . In Fig. 3a, 2 either ΔPAB or ΔPDC is not constructed. In cases like Fig. 3b , c, neither triangle is made (in Fig. 3c , lines AC and BD are parallel, and therefore, point P is not constructed). The students considered the three types of diagram (illustrated by Fig. 3a-c) to be counterexamples to their conjecture.
While in Fig. 3d , e the point P is located outside circle O, in Fig. 3f , the students considered points A and C (or points B and D) to coincide, and regarded line AC (or line BD) to be a tangent to circle O. 3 In this paper, we examine the cases of Fig. 3e , f because the students devoted more effort to these ones compared to the others.
The Case Where Point P Is Outside the Circle
The three students produced This verbal exchange shows that Sakura and Yuka were confronted with a contradiction between Task 1-1 and Task 1-2. In Task 1-1, the three students made a conjecture and proved it. In Task 1-2, they encountered Fig. 3e , which they regarded as a counterexample to their conjecture (lines 117 and 118). This contradiction then triggered a debate between Sakura and Yuka, on the one side, and Kakeru on the other. The focus of their discussion is evident in the following exchange:
132 Kakeru: We can say that they are similar. In this exchange, Kakeru claimed that their conjecture was still true (line 132), but Sakura challenged him (lines 133 and 135). In response to the challenge, Kakeru mentioned that ∠APB and ∠DPC were common and thus equal, and then proposed using the inscribed quadrilateral theorem to show that ∠PAB = ∠PDC (lines 138 and 140); this theorem expresses that an interior angle of a cyclic quadrilateral is equivalent to the exterior angle of the opposite angle. Sakura agreed with Kakeru's proposal (line 139), and thus, the students were able to resolve the debate by showing that Fig. 3e is actually not a counterexample to their conjecture (i.e. ΔPAB and ΔPDC are still similar in this case).
The Case Where a Line is a Tangent to the Circle
After resolving their debate about the case of Fig. 3e , the students then examined the case of Fig. 3f . Here, Kakeru was confident that their conjecture would still hold with this type and suggested using the alternate segment theorem to prove the conjecture in this case; this theorem expresses that the angle between a tangent and a chord at the point of contact is equal to the angle in the alternate segment. However, when he began explaining his idea to Sakura and Yuka, a doubt entered his mind regarding why line AP could be regarded as a tangent here. Although the students struggled to resolve this doubt, they continued to anticipate that their conjecture would be preserved in this type. Eventually, they assumed that line AP was the tangent by measuring ∠PAO and finding that it was almost 90°. The subsequent interaction between the students was as follows:
357 Kakeru: If we consider this as a tangent, we can use the theorem about the angle formed by a tangent and a chord. In this exchange, Kakeru and Sakura used the alternate segment theorem to show that ∠PBA = ∠PCD (lines 357, 360, and 361). The students also noted that ∠APB = ∠DPC (lines 360 and 361). Although they did not specify any reason for this equality, they derived it from the identity of these angles. Thus, they were able to prove their conjecture (ΔPAB~ΔPDC) for Fig. 3f , assuming, without proof, that line PA is tangent to circle O.
Examination and Revision of the Initial Proof
Task 1-2, shown in Fig. 2 , consisted of (1) examination of a conjecture and (2) examination of a proof. In fact, however, the students concentrated on (1), and finished their work without considering (2): Kakeru and Yuka concluded their activity by saying, BThe conclusion does not necessarily hold [as Figs. 3a-c exist]^(italics used to show emphasis). Hence, the interviewer asked them, BPlease read again the sentences in Task 2, carefully. When you say 'does not hold', do you mean your conjecture is false, or your proof is invalid?^When working on this question, the students noticed that their initial proof in Task 1-1 had become invalid in the diagrams they had produced. This is illustrated in the exchange below, where they discussed the case of 463 Sakura: Is not always valid, right? Sakura pointed out that the reasons given in the students' initial proof (namely, the equality of vertical angles and the inscribed angle theorem) were not applicable to Fig. 3e (line 458) . In Lakatos's (1976) terminology, she found that this case was a local counterexample to their proof (line 463). The students therefore revised the proof, by changing their reasons, pointing instead to the identity of the angles and the inscribed quadrilateral theorem. Afterwards, they examined the case of Fig. 3f as well, and revised the initial proof in a similar way, referring to the alternate segment theorem.
Analysis of Case 1
The students in case 1 were able to engage in the process depicted in Fig. 1 . After making and proving a conjecture in Task 1-1, they produced diagrams to inspect whether their conjecture was always true in Task 1-2. Sakura and Yuka first considered Fig. 3e to be a counterexample to their conjecture. However, the students overcame this problematic situation by proving that the conjecture still held true for this type. After the interviewer's additional prompt asking them to examine (2) in Task 1-2, they recognised that Fig. 3e , f were local counterexamples to their initial proof and revised the proof.
The tasks implemented in this interview were thus shown to be helpful for facilitating the students' process of heuristic refutation. The condition of Task 1-1 is implicit in the sense that although the task includes a particular diagram, there is no specification regarding the positions of points A-D in the task sentences. This task condition led the students to proof construction for the given diagram and enabled them to produce the six types of diagrams, which had the potential to refute their conjecture, with the help of the dragging function of the DGE in Task 1-2. In our previous study , conversely, many secondary school students were found to encounter difficulties drawing diagrams that refuted their proofs in paper-and-pencil environments. The tasks used in that study were more difficult than those in case 1; nevertheless, without the use of dragging it would have been challenging for the three students in case 1 to produce various diagrams different from the one given in the original problem and thus to tackle their task also. Furthermore, the sequence of Tasks 1-1 and 1-2 was found to be beneficial for stimulating subsequent student activity. When discovering Fig. 3e , Sakura and Yuka felt a contradiction between the truth of their conjecture, as proved in Task 1-1, and the refutation in Task 1-2, where they judged this type to be a counterexample to their conjecture. This contradiction triggered the debate with Kakeru, where Sakura and Yuka's judgement was revised by Kakeru's proof showing that their conjecture remained true in this type. These effects of our task design are scrutinised and discussed in the next section through the analysis of the second case utilising different tasks.
Case 2: Kenta and Tsubasa Tackle Task 2 The Proof and Types of Diagrams Produced by the Students
In this section, we describe and analyse the interview for Task 2, in which a pair of undergraduates, Kenta and Tsubasa, participated. In Task 2-1, they initially planned to prove the statement by showing that the diagonals of quadrilateral AECF intersected at their midpoints, but ultimately abandoned their plan due to its difficulty. They then saw the possibility of proving the congruence of ΔABE and ΔCDF, and took the direction of showing that a pair of opposite sides of quadrilateral AECF were equal and parallel. Eventually, they completed the proof on their worksheet as summarised below: ∠AEB = ∠CFD = 90°and AB = CD (the suppositions).
Since AB // DC (the supposition), ∠ABE = ∠CDF (alternate angles).
Hence, ΔABE ≡ ΔCDF (a congruence condition for right-angled triangles), and thus AE = CF.
Since ∠AEF = ∠CFE (the supposition), AE // CF. Hence, quadrilateral AECF is a parallelogram (a condition for parallelograms).
After this proof, Kenta and Tsubasa worked on Task 2-2 with the DGE and produced the four types of diagrams shown in Fig. 4 . They first mentioned the case where the positions of points E and F were reversed (Fig. 4a) . After that, they discovered the case where the perpendicular lines from points A and C disappeared because those lines did not intersect with diagonal BD (Fig. 4b) . When exploring this case, the undergraduates produced a border case between Figs. 2 and 4b where points E and F coincided with points B and D, respectively (Fig. 4c) . They also produced the case where points E and F coincided (Fig. 4d) .
The undergraduates considered that the statement in Task 2-1 is true for Fig. 4a , c. Regarding Fig. 4d, they In the analysis that follows, we focus on the undergraduates' engagement with the case of Fig. 4b .
Extension of the Statement
The following is the undergraduates' exchange when they discovered Fig. 4b This exchange confirms that the undergraduates encountered a contradiction between what they had obtained before their discovery of Fig. 4b , on the one hand, and the actual discovery, on the other. They had been convinced of the truth of the given statement by proving it in Task 2-1 and had increased their conviction at the beginning of Task 2-2 by verifying that the statement was true for Fig. 4a . Nevertheless, the undergraduates subsequently discovered Fig. 4b , where the perpendicular lines from points A and C did not intersect with diagonal BD (line 154), and thus, the perpendicular lines disappeared in the DGE (lines 160 and 162). On this basis, Kenta and Tsubasa considered that this type was a counterexample to the statement in Task 2-1 (line 163). After that, they began to examine this type more deeply:
168 Kenta: Does it mean changing [diagonal] BD to a line? 169 Tsubasa: Yes.
As both of the undergraduates stated Bwe have to^(lines 166 and 167), it is clear that the contradiction they encountered significantly stimulated them to extend the given statement so that Fig. 4b could be considered. They engaged in this extension by drawing line BD and constructing perpendicular lines that passed through points A and C and intersected with line BD (Fig. 5) .
The Proof of the Extended Statement
Tsubasa proposed to prove that in Fig. 5 , quadrilateral AECF was also a parallelogram, and Kenta agreed with his proposal. Tsubasa retrospectively mentioned this proposal in the subsequent phase of the interview: BI supposed [quadrilateral AECF was] a parallelogram at first glance, but I couldn't be convinced^.
After the undergraduates saw the possibility of showing the congruence of ΔABE and ΔCDF in Fig. 5 , Kenta suggested using the earlier proof they had produced in Task 2-1: BWell, how about a similar way to the previous one?^They found that it was possible to show in a similar way that segments AE and CF were parallel. Then, the undergraduates started to write a proof for Fig. 5 , beginning by copying the earlier proof, but noticed that the equality of ∠ABE and ∠CDF could not be derived in the same way as before: 252 Kenta: We show the parallel. This is the same as previous. 5 Some parts of the transcript are omitted in this excerpt as the full transcript is too long. 279 Tsubasa: Well, we can make a subtraction from 180.
Tsubasa first thought that the initial proof was applicable here, as he supposed that ∠ABE and ∠CDF were alternate angles (lines 255, 267 and 275). However, Kenta's objections (lines 266, 274 and 276) helped Tsubasa realise his mistake (line 277). Based on the equality of ∠ABD and ∠CDB (since AB // CD), the undergraduates considered the supplements of these angles and showed that '∠ABE = 180°-∠ABD = 180°-∠CDB = ∠CDF'. They used the initial proof to show the remaining parts and thus were able to prove that quadrilateral AECF is a parallelogram in the extended case in Fig. 5 .
This was not the end of the students' discussion of the task; as captured in the next section, their discussion next turned to the issue of the definition of a mathematical object.
Extension by Redefinition
After the proof, Kenta retrospectively stated, BI realise that the meaning of the term 'diagonal' changes in various ways^. When the interviewer asked the undergraduates about the definition of a diagonal, they answered as follows: This exchange shows that the undergraduates extended the given statement not by altering 'diagonal BD' in the problem sentence in Task 2-1 to 'line BD', but rather by discarding the typical definition of 'diagonal', namely a segment connecting two nonadjacent vertices of a polygon, and redefining a diagonal as a line connecting such vertices (e.g. lines 370 and 376). We come back to this point in the 'Discussion' section because mathematical definitions are relevant to Lakatos's work and hence are an aspect of our research.
Analysis of Case 2
Similar to the secondary school students in case 1, the undergraduates in case 2 were able to work effectively on the mathematical activity shown in Fig. 1 . They proved the given statement in Task 2-1, and then scrutinised whether it was always true. They then discovered Fig. 4b , which they admitted to be a counterexample to the statement. However, they extended the statement to include this type and proved the truth of the extended statement by retaining and modifying their earlier proof.
This process undertaken by the undergraduates was facilitated by the tasks they had tackled. Based on the particularity of the given diagram, Task 2-1 implicitly assumes that the perpendicular lines from points A and C intersect with diagonal BD and that quadrilateral AECF is constructed. This task condition engaged the undergraduates in proof construction for the given case, and enabled them to discover a refutation of the statement (as seen in Fig. 4b ). Regarding Task 2-2, related to the use of the DGE, we previously implemented almost the same task in paper-and-pencil environments with secondary school students and undergraduate students: although many students easily found rhombuses and squares (as in Fig. 4d) as refutations of the statement, only a few were able to discover the case of Fig. 4b by themselves. To succeed in this discovery, it is necessary to draw a parallelogram that is slanted considerably to the left-hand side, but this is difficult for students because such shape of parallelogram is rarely shown in textbooks and by teachers. In contrast, the DGE in our current study helped the undergraduates explore various shapes of parallelograms with its dragging function and thus independently discover Fig. 4b . Furthermore, the sequence of Tasks 2-1 and 2-2 was crucial in prompting the contradiction in which despite proving the statement, the undergraduates discovered Fig. 4b to refute it. This contradiction triggered subsequent activity (as seen in lines 166 and 167 in the transcripts) where they spontaneously extended the statement to include Fig. 4b (note that there was no indication of revision of the statement in Task 2-2, where only the truth of the statement was questioned).
Discussion
In our earlier studies, we aimed for paper-and-pencil task designs that enabled students to engage in mathematical activity involving proofs and refutations (e.g. Komatsu, 2017; Komatsu et al., 2017) . The current study advances our research in two ways. First, we have transposed our investigations into DGEs to explore the impact of using DGE on the way that students produce counterexamples. Second, while previously we had clarified the characteristics of the tasks used, we had not specified principles underpinning the design of the tasks. In contrast, the present study develops such principles: using tasks whose conditions are purposefully implicit, providing tools that enhance the production of counterexamples, and increasing students' recognition of contradictions (see Table 1 ). As analysed in the previous subsections, we show how the tasks were designed according to the principles that we developed and how the designed tasks played a significant role in enabling the students to engage in heuristic refutation.
The contribution of our study thus consists in not only creating individual tasks but also theoretically developing, and empirically testing, design principles that underpin task creation. Task design principles are not always specified in mathematics education research; as Kieran et al. (2015) recently pointed out, B[d]espite the recent growth spurt of design studies within mathematics education, the specificity of the principles that inform task design in a precise way remains both underdeveloped and, even when somewhat developed, under-reported^(p. 74) .
No doubt academic research and daily teaching practice have different contexts, and each classroom is also its own unique context; hence, teachers need to adjust tasks developed and used in research to reflect the contexts of their classes if they are to implement the tasks effectively and achieve the intended goals. To ease this adjustment, it is vital to make task design principles explicit, recognising, with Stylianides and Stylianides (2013) and what may be modified and how, when considering how the intervention can be adapted for use in diverse classroom contexts^(p. 338). Moreover, given that the number of tasks developed in each research study is usually quite limited (as is the case here), specifying design principles also has the advantage of allowing teachers and researchers to use the principles to create more tasks themselves.
In our research, the aforementioned theoretically essential components consist of the mathematical process depicted in Fig. 1 and our three task design principles shown in Table 1 . In our interview for Task 1, the students were asked to make a conjecture and to scrutinise both the truth of their conjecture and the validity of their proof. However, not all of these actions are required by the mathematical process in Fig. 1 or by the design principles. Thus, if teachers are concerned about time constraints, they may modify Task 1-1 to present students the statement-the similarity of ΔPAB and ΔPDC-as a given one (like Task 2-1) or modify Task 1-2 to question only the truth of the conjecture/statement. Focusing on the validity of a proof would be another option, by which it would be possible to concentrate student activity on proof validation and modification (e.g. Alcock & Weber, 2005; Komatsu et al., 2017; Selden & Selden, 2003) . Thus, the design principles developed in this study can provide teachers with a framework within which to conduct their own flexible task design.
Furthermore, our design principles are not conceptually restricted to geometry education, because the 'tools' mentioned in the second design principle are not only DGE tools. Hence, it may be possible to extend the principles to different areas; one possibility is algebra, another area where proofs are taught at the secondary school level. This is an issue for further research aimed towards introducing heuristic refutation in broader content areas.
Before concluding this paper, it would be worthwhile to refer to the undergraduates' behaviour regarding definition in case 2. Lakatos's research was deeply involved with the development of definitions (e.g. Kontorovich & Zazkis, 2016; Larsen & Zandieh, 2008; Ouvrier-Buffet, 2006) . He described the history of the concepts of polyhedron and of uniform convergence of sequences of functions in terms of the development of definitions, for example through what he called 'monster barring' (ad hoc alteration of definitions to rule out problematic counterexamples) and proof-generated concepts. In case 2 in our study, the undergraduates redefined a diagonal as a line connecting two nonadjacent vertices of a polygon in order to extend the original statement in Task 2-1 for Fig. 4b . This redefinition increased the content of the original statement (Komatsu, 2016; Lakatos, 1976) in the sense that Fig. 4b , which had been initially regarded as a counterexample to the original statement, was now included as an example under the extended statement. However, there is a problem here: despite the undergraduates' success in the extension of the original statement, their redefinition is not compatible with the normal definition of diagonals, wherein diagonals are regarded as a kind of segment. The undergraduates could have performed such an extension without changing the standard definition if they had revised 'diagonal BD' in the problem sentence in Task 2-1 to 'line BD'. Thus, this paper reflects that the action of examining definitions is closely connected to the process of handling refutations.
Conclusions
Given the centrality of task design for enhancing student learning of mathematics, our research has explored task design for facilitating the development of heuristic refutation in DGEs. Although mathematical activity involving heuristic refutation is regarded as significant in school mathematics, much remains under-explored in mathematics education research about possible ways of facilitating students' success in this activity. Separately, although the affordances of using DGEs have been shown in the literature, task design in DGEs also remains under-studied. To address these issues, we theoretically developed task design principles based on the existing literature and empirically tested these principles by implementing and analysing task-based interviews. We have shown that using tasks designed from our principles can enable students to engage successfully in heuristic refutation.
There are limitations to the study reported in this paper, however. Given that the number of task-based interviews conducted was small, and the participants were relatively strong in mathematics, it is necessary to carry out additional task-based interviews with other types of students. It would also be worthwhile to unpack the findings of this study further and verify them in regular classroom settings. Another issue is in looking into ways in which students explore definitions during the process of handling refutations.
